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ON THE ASYMPTOTIC WAVENUMBER OF SPIRAL WAVES IN A - a; 

SYSTEMS. 

M. AGUARELES, 1. BALDOMA & T. M-SEARA 


Abstract. In this paper we consider spiral wave solutions of a general class of A — w systems 
with a small parameter q and we prove that the asymptotic wavenumber of the spirals is a 
C°°-flat function of the perturbation parameter q. 


1. Introduction 


Rigidly rotating spiral waves are commonly found in many chemical systems and biological 
processes |Kur84| IL JD91|. rWin72t IZZ70] . In particular they are most likely to occur in oscillatory 
models having a rotational symmetry, such as generic A —a; systems |Kur84j . |Sch98] . These can 
be derived as the normal form of oscillatory reaction-diffusion systems near a Hopf bifurcation 
and read: 


(1) ut = Au + \{f)u-u;{f)w, 

(2) wt = Aw + u{f)u + X{f)w, 


where u = u{x,y,t), v = v{x,y,t) and A denotes the Laplacian. A and oj are real functions of 
/ = \/u‘^ + w'^. The conditions that A usually satisfies are: A(l) = 0, to ensure that the system 
has a space independent limit solution and A' < 0, to guarantee that this limit cycle is stable 
to homogeneous (space independent) perturbations. As for a;, based on stability considerations 
(see |NK81] ). it is usually assumed that \uj'\ is small. 

Numerical computations reveal that the system ([^-(|^ exhibits solutions in the shape of 
n-spirals (see for instance jBHQ971 IGBOSj i and more precisely, in the shape of Archimedian 
spiral waves with a specific frequency hi. These rigidly rotating solutions of ([^-([^ can then 
be written like 


( 3 ) 


M(r, 0, t) = /(r) cos 
w{r, (j), t) = /(r) sin 


-b 

( fit -b ncj) 





being r and 0 the polar radius and azymuthal coordinates of the plane and thus the Laplacian 
can be expressed as A = drr + dr/r + Therefore, since /(r) plays the role of a modulus, 

/(r) > 0 Vr > 0 and also /(O) = 0 in order for u and w to be regular at r = 0. Also, in 
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order for these functions to have the shape of a spiral, the phase must increase or decrease 
monotonically as one moves away from the centre of the spiral and so v{r), which is usually 
denoted as the local wavenumber, must have a constant sign for all r. In the particular case 
where n = 0, the phase is purely radial and they are usually denoted as target patterns since 
the lines of constant phase become concentric rings, that is to say, along any radial line, the 
pattern is asymptotically that of a plane wave. 

Substituting the particular expressions (|^ in Q-(|^ one obtains a set of ordinary differential 
equations in terms of the radial polar variable, r, that reads 

T? ^ 

(4) 0 = + + 

(5) 0 = fv'+— + 2f'v + f{n-u{f)). 

r 

We note that any arbitrary constant can be added to the phase of the sine and cosine functions 
of u and tc in (|^ and they would still yield the same equations (|^-([^. 

Using the identity 


( 6 ) 


fv' + h + 2fv 


{fvry 

rf 


along with the fact that if‘^{r)v{r)r)\r=o = 0, equation (|^ can be expressed in the integral 
form. 


(7) 


v{r) = {rf{r)) ^ f tf{t){uj{f{t))-n)dt, 
Jo 


and this yields n(0) = 0. 

Archimedian spiral waves are characterized by the fact that the distance between two neigh¬ 
bouring fronts of the isophase lines tends to a constant, as r —)■ cx). That is to say, if we consider 
two points of an isophase line (n0 — v{s) ds = ctant) one with coordinates (0, r) and the 
following one on the same radial line with coordinates (0 -f 27r, r + 6{r)), one obtains. 


n(p+ v{s) ds = n{(p + 2%) + 


(*r+(5(r) 


v{s) ds. 


The separation between these two fronts is thus here represented by 6{r) and satishes 


r‘r+5(r) 


v{s) ds 


2'Kn. 


Then, for Archimedian spiral waves it is expected that S{r) ^ D < oo as r ^ oo. Using the 
mean value theorem in the last equality gives n(r) —)■ Uoo < cxo as r —)■ cx) with Voo = 27m/D, 
that is to say, Voo is proportional to the inverse of the spirals’ front separation D, and it is 
usually known as the asymptotic wavenumber. As for the modulus, /(r), the type of solutions 
that have been observed are such that /(r) has a bounded limit and f'{r) —)■ 0 as r —)■ cx. We 
will therefore focus on solutions of Q-(|^ such that /(O) = 0, /(r) and n(r) have bounded 
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limits and f'{r) —)■ 0 as r —>■ oo. These are four restrictions to a third order system of differential 
equations which suggests that there exists a selection mechanism for the frequency that is to 
say, cannot be arbitrary. In fact, Kopell & Howard in |NK81] establish the existence of spiral 
wave solutions {n ^ 0) and target patterns (n = 0) for a particular value of H when A(l) = 0, 
\'{x) < 0 and ijj{x) < 0. These are then solutions of the system Q-(|^ for n G Z with precisely 
the boundary conditions described above, that is, 

/(0)=n(0) = 0, 

(8) lim f{r) = foo < oo, lim f{r) = 0, lim n(r) = Uoo < oo 

^ ^ r^oo r^oo r^oo 

f{r) > 0 and v{r) has constant sign Vr > 0. 

Spiral wave solutions of systems of the type in (|^-(|^ with some particular functions A(x), 
uj{x) have been studied by numerous researchers. For instance, Hagan in |Hag82| considers the 
particular case of the complex Ginzburg-Landau equation where A(x) = l—x"^ and oj{x) = —qx"^. 
He uses the method of matching formal asymptotic expansions to construct spiral wave solutions 
for small values of the parameter q. In particular, he formally hnds that the asymptotic 
wavenumber Voo = hm^-^-oo v{r) and fl — q are exponentially small in q. Also, Greenberg in 
|Gre81j uses a formal perturbation technique to construct solutions of ([^-((To)) when A(x) = 1—x 
and u:{x) = 1 + — 1). Kopell and Howard in |NK81] establish the existence of spiral wave 

solutions of under the hypothesis that A(l) = 0, A'(-) < 0, a;'(-) < 0 and |a;'(-)| << 1. 

The ultimate motivation of the work in this paper is precisely to investigate the exponentially 
small character of the asymptotic wavenumber for a general class of X—u systems. In particular, 
in this paper we consider a general class of A — ca systems with the following conditions: 

(Al) A and uj belong to C°°(M) and they are such that A(l) = 0, A'(l) < 0, and |a;'| << 1. 
We remark that by suitably rescaling the radius variable r and the phase function v a 
new function A may be written such that A(0) has any prescribed value. Therefore, and 
without lost of generality we also assume that A(0) = 1. 

(A2) xX{x) is concave, that is to say, c?^(xA(x)) < 0. 

Since we assume that |a;'| << 1, we shall write u;{x) = wq + qoj{x), for 0 < g << 1. We 
introduce a new parameter G such that the frequency may also be written like G = wq + qCl. 
Dropping the bars to simplify the notation equations (|^-([^ read 

(9) 0 = f + L-f- + f{X{f)-v^), 

( 10 ) 0 = fv'+ — + 2fv + qf{n-u{f)), 

r 

where 0 < g << 1 and D G M are the new parameters. As for the boundary conditions, we also 
consider the ones in |NK81j given in ([^. 

In this paper we prove that, for these solutions to exist, a necessary condition is that D = D(g) 
has to be a C°° function of g such that 9^12(0) = 0, for fc > 1. To prove this result we provide a 
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formal expansion in q of the solntions of eqnations ([^-(10) with bonndary conditions (|^. We 
obtain an infinite set of differential eqnations with snitable bonndary conditions, one for each 
order in g, and we rigoronsly prove that all these eqnations have a nniqne bonnded solntion if 
and only if Vl{q) — ^2(0) is a C°°-flat fnnction of q. Therefore, equations (|^-(10) with boundary 
conditions ([^ can be solved up to any order in q. As a straightforward consequence of our 
results the solutions obtained in |NK81] satisfy that hi — 12(0) and v^o = lim^^-oo v{r) are C°^- 
flat functions of q. This is then a beyond all orders phenomenon and the rigorous study of the 
asymptotic values of 12 and v^o will be the goal of a forthcoming paper. 

The paper is organised as follows. We start in Section ^ by posing the particular shape 
of the formal solution of ([^-(10). We then introduce our main theorem |2.2| of existence and 


uniqueness of this formal solution provided the power series for |12 — 12(0) | has vanishing terms. 
We also provide a set of numerical computations for the classical complex Ginzburg-Landau 
problem where X{x) = 1—x^ and uj{x) = —which suggests that 12 —12(0) is indeed not zero 
but exponentially small in q. In Section ^ we prove the main result as follows: we start by 
obtaining the equations and boundary conditions that each term in the asymptotic expansion 
satisfies and we then proceed by induction. 


2. Main result: a formal solution 

In this section we introduce and justify the expected particular form of the asymptotic 
expansion in q for the solution of system ([^-(10) with boundary conditions (|^. We first start 
with a technical lemma that we shall prove in Section |2.2| below. 


Lemma 2.1. The system ([^-(10) with boundary conditions ([^ has a solution (/(r),n(r)) if 
and only if 


( 11 ) 


A(/oo) = 0, n;(/oo) - 12 = 0. 


In addition, hmr^ooT'(r) = 0. 

As a consequence, in order to have solutions of (§-(119 
suitable function of q, i.e: 12 = 12(g). 


the parameter 12 has to be a 


This theorem thus states that Uoo ami foo ai'6 both functions of only the parameter g. To 
avoid cumbersome notation, we shall in general omit the dependence of g unless such omission 
leads to error. 

Lemma 2.1 above implies that the solution of system (§ -([l0| we are dealing with only 
depends on the small parameter g. We will call it (/(r; g), n(r, g)). By inspecting equations ([9 


and (10), one observes that the modulus /(r;g), as well as the unknown frequency 12(g), are 


even functions of g, that is /(r; g) = /(r; —g) and 12(g) = 12(—g), while v is an odd function 
of g, and so v{r;q) = —n(r; —g). We can thus restrict to positive values of g without lost of 
generality. Moreover, using this even and odd character of the functions with respect to g we 

4 















shall formally find the solutions to @-0 as power series in q of the form: 

/('■;9) = v(r;q) = q'^v,{r)q^\ 

( 12 ) 


i>0 


i>0 


^{q) = 


i>0 


In what follows we will hnd the differential equations and the boundary conditions that /fc(r) 
and Vk{r) have to satisfy. In order to solve these differential equations, we will hnd the terms 
for the expansion of the frequency, Qk- 

Since we will deal with the behaviour as r —)■ 0 and r —)■ +oo, we also introduce the notation 

i’ = oL < 


(13) 
and 

(14) 


'0(r) = O (r'") , r —)■ 0 and = O (r r —)■ +oo, 


i’ = Om '0(^) = O (r™), r — )■ 0 and tp{r) = O (log(r)-^r r —>• +cxd. 


which will be used along this paper without special mention. 

The main result in this paper is: 

Theorem 2.2. Assume hypotheses (Al)-(A2) hold. Then the system 0 -([l0|-([8| has a unique 
formal solution of the form (12) with limr_s.+oo fo{r) = 1 and satisfying that for all k > 0.- 

/fc(0) = nfe(O) = 0 and fk{r),Vk{r) are hounded as r ^ oo 

if and only if 

flo = 0,'iT'd flk = 0, V/c > 1. 

The functions fk{T),Vk{r) also satisfy that 

lim = 0, lim no(r) = 0, 


and 

Moreover, 


lim /fc(r) = lim Vk{r) = 0, for all /c > 0. 

r^oo r^oo 

foi^) = O (r") as r —)■ 0, 1 — fo{r) = O (r“^) as r ^ +oo. 


)3 

n— 


f" c 

15 Jo ^ '-^max{n-2,0} 


, Uq G Og’ , 

Vo e Of 


fk e Of ^ 

/^eOf^„ /" 

^ '^max{n—2,0} 


, n'GOf^+\ 

n" G Of 


and for k > 1, 


Finally if u is a monotone function, vq has constant sign. 
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Remark 2.3. Note that when q = 0, equation (10) becomes 


r jr 

so /^(r; 0)f (r; 0)r = c, which, upon evaluating at r = gives c = 0. Since we are interested 
in non trivial solutions for /(r;0), we obtain that w(r;0) =0. As a consequence, Voo = 0. 
Henceforth, equations (11) imply that X{foo) = 0 and = u}{foo). Since by assumption (Al) 
A(l) = it seems natural to choose foo = 1- In fact, if X'{x) < 0 this is the only choice. 

Moreover, since A'(l) < 0, when q ^ 0, for any Woo = 0{q), the equation A(/oo) = has a 
solution l/oo — 1| = 0{q), if \q\ is small enough. 

On the other hand, if X{x) has another zero Xq < 1 satisfying A'(xo) < 0, Theorem 2.2 
also be applied in this case by rescaling f = /xq. In conclusion, the condition limr_s.+oo 
is not restrictive. 


can 
fo{r) = 1 


From this theorem we conclude that, if system ([^-(10)-(|^ has solution (/(r; q),v{r; q)) either 
Voo = lim^^-oo= 0 or Uoo = hmr^.oo= 0{q^, V/c > 0. That is, the solution v{r;q) 
either vanishes as r —)■ cx) or it is C^-flat in q. In fact, numerical computations reveal that 
v{r]q) is indeed not zero at inhnity. 


2.1. Numeric computations. As an example we have considered a Ginzburg-Landau system 
for n = 1, which corresponds to A(x) = 1 — x^ and a;(x) = —x^, that is: 

(15) 0 = f"+l-ff + f(l-f-v\ 

(16) 0 = /!)' + F + 2f'v + gf(n - f). 

r 

with boundary conditions (|^. We have used a MATLAB routine to obtain Voo which uses a 
finite difference scheme implementing the three-stage Lobatto Ilia formula which provides a 
G^-continuous solution that is fourth-order accurate uniformly in the interval of integration. 

In |Hag82| and |ACWin] it is formally obtained an expression for Voo as a function of q, 
which is found to be of the form Voo ~ Ae~^l^q~^. Performing a linear £t of log(q'noo) with 
95% confidence we obtain B = 1.588191499224517, using moderate values of g G [0.2, 0.5], so it 
seems to agree with the predicted value B = n/2. A rigorous computation of A and B would 
require working with multiprecision and it is beyond the scope of this paper. 


2.2. Dependence of on the parameter q. We now prove Lemma 2.1 Assume that 
system 0 — ( [l0| — ([^ has a solution (/(r; g, fl), n(r; g, fl)). We will omit the dependence on 
the parameters if there is no danger of confusion. To prove Lemma 2T we hrst recall that when 
g = 0, n = 0, as it is pointed out in the Remark 2.3 As a consequence, Voo = 0{q). 

Now we check that foo % 0. Assume that foo = 0. In this case, since Voo = G(g), we have 
that Voo « 1 = A(0) = A(/oo) taking g small enough. It follows that, for vq large enough 
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Figure 1. Value of log(guoo) as a function of 1/g, with q G [0.2, 0.5] for the 
system (15)-(16). 


^ 2/^2 ^ X{f{r)) — u^(r), for all r > tq and using that / is a positive solution of ([^; 

(r/'(r))' = r/"(r) + /'(r) < 0 ^ /'(r) < ^/'(ro) ^ /(r) - /(ro) < ro/'(ro) log(ro V). 

Since /oo = 0 and /(r) > 0, one can take tq large enough such that f'{r) < 0 for r > tq. Taking 
r —)■ oo in the above inequality, we hnd a contradiction with the fact that / is a bounded 
function. 

According to equation ([^, using that f'{r) —)■ 0 as r —>■ -1-cxd, we obtain that limr_s.oo = 
-/oo(A(/oo) - vl^), while equation ([^ provides that lim^^oo t^'(r)/oo = -qfoc{Xl - u{foc))- 
Then, taking into account that /oo 7 ^ 0 and the simple fact that: 


(17) if h{r) is bounded for all r > 0 and lim h'{r) = b, then 6 = 0, 

r^+oo 

which is immediate by Hopital’s rule, it is found that limr_s.+oo = 0 and hmj.^.+oo v'{r) = 0. 
Therefore, one is left with the couple of equations for the boundary values at inhnity: 

x{foc)-v'^ = o, n-uj{foc) = o. 


Finally, if we explicitly write the dependence on g, hi and we have that, to have solutions of 
our problem: 

X{q, fl) := - a;(/oo(g, f2)) = 0. 

Note that, when g = 0, for any value of f], u(r; 0, f2) = 0 and / has to satisfy the equation 

f ^ 

/'' + --/^ + /A(/) = 0 

lyt lyt ^ 

which is independent of hi so that /oo(0, fl) = does not depend on hi and thus 9n/oo(0, fl) = 0. 
Therefore, using this and differentiating x(g, hi) with respect to hi one is left with 9 qx(0, = 
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1^0, which along with the fact that x(0) = 0) fhe implicit function theorem defines a 

function fl { q ) such that = 0 if |g| is small enough. 


3. Power series expansions: proof of Theorem 12.21 


The idea of the proof is as follows: we first start by describing the system of equations for 
fk,Vk, k > 0 introduced in (12). We then deduce the boundary conditions that fk,Vk must 
satisfy in order to be bounded solutions of such equations. We then prove the existence of 
fk,Vk, along with some useful properties of the leading order terms fo,vo. 

We emphasize that this is a formal procedure, so we do not pay special attention to some 
constants which, of course, could grow with respect to k at any formal step. For this reason we 
sometimes avoid the exact computation of some of these constants and we indeed may use the 
same letter to denote different ones. 


3.1. Differential equations for fk,Vk. We are going to describe the equations that {fk, Vk}k>o 
have to satisfy. As it is usual, the equations for the leading order terms /o and vq will be 
nonlinear while the equations for fk,Vk will be found to be non-homogeneous linear equations. 
To shorten the notation we introduce F{x) = xX{x) and u{x) = xu{x) and we denote DF{x) 
and DCj{x) to denote the derivatives respect to x of these functions. 

With this notation, equations (|^, (10) read: 


(18) 

(19) 


0 = r + ^--f^+F{f)-fv\ 

0 = fv '+ — + 2 fv + q { fn - oj { f )), 
r 


and we consider the formal expansions defined in ([I^: 


fiFQ) = '^fi{r)q'^\ vir;q) = q'^Vi{r)q^\ 

i>0 i>0 


n(q) = J2n,q'“. 

i>0 


Proposition 3.1. The leading order terms fo and Vq, satisfy the equations 

(20) o = /" + ^-n2^ + F(/o), 

(21) 0 = /oUq + ^ —h 2/gno + fo^o — dj{fo). 

For k > 1, fk and Vk satisfy the linear nonhomogeneous equations: 


(22) 

/I + - - + DF ( h)ft = btir 

(23) 

foVk + ^ + 2/onfc + foQk - Cfc(r) 
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where 


k 

*=1 ki-\ - \- ki = k 

l<kj<k-l 

k i 

(24) + ’ 

/ = 1 

k—1 k—1 

Ck{r) = {fk-i{r){vi{r) + r-\{r)) + 2fl^_i{r)vi{r)) + Y fk-ii^) ■ 

i=0 i=0 

2k 

(25) -Y^^'^ifoir)) Y fkr{r)---fkXr) 

®=1 fci H- \- ki = k 

1 < kj 


with F{x) = xX{x) and u{x) = xu{x). In particular, hk is independent of fk and Vk and Ck is 
independent ofvk- 


Proof. By substituting expression (12) in (18), one obtains equation (20) for /q. As for v, 
equation (19), gives to leading order equation (21) for uq- 

We now deal with fk,Vk, k > 1. To illustrate the procedure we start by obtaining the 
particular equations for fi,vi. Expanding equation (18) in powers of q, the order O (g^) provides 
an equation for fi in terms of vq and /o, which reads. 


(26) 


/!' 


+ 4 

r 


n 


.2/1 


P- + DF{fo)h = foP 


which gives 6i(r) = fo{'r)vQ{rY. 

Expanding equation ( [I^ in powers of g, the order O (g^) provides an equation for vi in terms 
of /o, /i and Vq: 


(27) fov[ + + 2 / 0^1 + /o(fii - fiDu{fo)) = ci(r) 

with 


(28) 


Ci(>') = -/i(r)(fi(i - w(/o(r))) - fi(r)v'„{r) - r fi(r)va{r) - 2va{r)f[{r). 


To deal with the general case we hrst observe that the ansatz (12) may also be expressed 
in terms of a Taylor expansion of f,v and with respect to g. Using the expansions (12), we 
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deduce that 0) = 0, 9q*u(r;0) = 0 and 9gf2^*+^(0) = 0. This yields: 

■Ai ( \ 0) 2j 

q , u(r;g) = , 


(29) 

fM) = E “(2 ) 9" 

i>0 ^ ' 

’(2i)! 

Therefore, 


(30) 

\2k)\ ’ M)- 


*>0 


(2z + l)! 


^ 2 fc+i^(^. 0 ) c}g^f 2 ( 0 ) 

and — 


(2A: + 1)! {2k)\ 

As a consequence, in order to obtain the equations for fk,Vk and a general expression for 
bk,Ck it is enough to differentiate equations (18) and (19) with respect to g. We shall use Faa 
di Bruno formula along with Leibnitz’s rule. 

We hrst deal with (18). We must compute the 2k- derivative with respect to g of the nonlinear 
term F{f) — and then evaluate at g = 0. Using Faa di Bruno’s formula and the identity 
(30) gives 


d‘^^(F o f)(r-,0) 

.1 -=5^/l*F(/(r;0)) 


(2fc)! 


E 


a^i/(r;0) 9^”/(r;0) 


2 = 1 


“h ' ' ' H“ ■—■ 2 /l 
1 ; 

=DF{fo{r))fkir) + bl{r), 


k,\ 


F\ 


1<U 


where, upon using once more identity (30) along with 0) = 0, bl is found to read: 


(31) 


Kir)‘"Mr))) Y 1 Mr) ■■■Mr)- 

ki ki = k 


2=1 


l<kj<k-l 


We note that the last sum does only depend on fi with 0 < I < k. 

We now proceed likewise with ■ n^)(r; 0). Here we also note that d‘^^v{r; 0) = 0. Then, 
using Leibnitz rule: 

Kir): = Sf (/ • Mr; 0) = E ( T ) ‘‘FKK; 0) ■ o) 

(32) = li i; ( 2 ) ) ( m ) W’/(r; 0) ■ 8,"V(ri 0) ■ d'M’Mr; 0) 

k j 

= W -E E /fc-i W ■ ■ Vj-i{r), 

j=i 1=1 
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so bl only depends on /;, vi with 0 < I < k. 

Using the above expressions for — fv'^), we compute the 2fc-derivative of equa¬ 

tion ( |I^ with respect to q and, evaluating this derivative at g = 0, one hnds that fk{r) = 
af/(r;0)/(2A:)! is a solution of the linear equation 


f'kir) 


fkir) + ^-^- /,(r)^ + DFiUr)) ■ /,(r) + 6^(r) - 


bljr) 

{2k)\ 


= 0 . 


Therefore, fk satisfies equation (22) with bk = —bl -|- b\/{2k)\ having the form (24). 

We now deal with equation (19). The procedure is exactly analogous to the one for equation 


(18). First, we observe that, using the Leibnitz’s rule, as well as identity (30), 


(fir; 0) ■ v'{r; 0) + r{r,0) ^ g^ 


= (2fc + l)![/o(r’)(r;fc(r) + ^^) + 2/'(r)r;fc(r)] +4(r). 


where. 



fc-i 


{2k + 1)! ( fk-i{r){v[{r) + 


i=0 


+ 2fl_i{r)vi{ 



It only remains to compute the 2k + 1-derivative with respect to q of the nonlinear term 
qf{kl{q) — oj{f))- First, we dehne Q{q) = qfl{q) and we compute (/(r; 0) ■ 12(0)). We 
obtain, using Leibnitz’s rule, 

^ 2fc+l / I 1 \ ^ 

af+‘(/(ri0).f!(0)) = 5; (^'=TMaf+‘-7(ri0).aja(0) 

— {2k + ly.fokli; + c|(r), 


where 

k-l 

cl{r) = {2k + 1)! fk-i{r) ■ kli- 

i=0 
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We now introduce uj{x) = xu{x) and compute c|(r) := (^qu{f {r; q))) 

4(r) 1 


(2fc + l)! {2k)\ 




2k 


J2D‘ii{f{r-,0)) Y1 


S?>/(r;0) d^’f(r;0) 


i=l 


2k 


/bi H~ •' • H“ ki — 2k 
i<kj 


h\ 


h\ 




Z=1 


k\^ - +ki = k 


Finally we compute the 2k + 1-derivative with respect to q of equation (19) and we obtain 
that Vk{r) = 0)/(2/c -|- 1)! satishes equation (23) with Ck dehned as in (25). □ 

3.2. The leading order term. We have already proved that the leading order terms /o and 
Vo, along with a suitable choice of flo = i^(l) have to be solutions of the boundary problem: 


(33) 
and 

(34) 


0 = fS+J-n^^ + /oA(/„) 

/o(0) = 0, lim /o(r) = 1, 


0 — fov'o + ^ -h 2/0^0 + /o(f2o — (^ifo)) 

no(0) = 0, lim no(r) < -(-cx). 


It is clear that the nonlinear equation for /q is qualitatively different to the ones for with 
k>l, which are all of them nonhomogeneous linear equations. Moreover, in order to begin an 
induction procedure (which will be our strategy to prove Theorem 2.2) we also need to prove 
the existence and properties of uq. For that reason we study the leading order terms separately. 
Next proposition proves the part of Theorem 2.2 related to /o and vo- 


Proposition 3.2. The boundary problem (33) has a bounded solution fo > 0. Moreover, fo 
satisfies the following inequalities 

0 < r/o(r) < n'^foir), r > 0, 
and it has the asymptotic expansions, 

71^ 

(35) fo{r) = or"' -|- O , as r —)■ 0 and fo{r) = 1 — —^ -|- O {r~^) , as r ^ -f-cx). 


n 

dr'^ 

3 nitn-t-k 1 . /V.3 -f f / 


with d = —A'(l). We also have that /g G with limr_s.+oo'r^/o(n) = 2^ and /, 

n4 
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The problem (34) has a bounded solution Vq if and only if flo = Moreover, 


(36) Mr) = (rfoir)) ^ [ tfo{M{uj{fo{t)) - Tlo) dt, 

Jo 

and it satisfies the asymptotic expansions 

(37) Vo(r) = Cr + OM) as r —)■ 0, Voir) = M ^ log(^) q n_|_oo_ 

dr 

Moreover, Vq E Oq^, Vq E Oq\ 

When u is a monotone function the solution vq has constant sign. 


Proof. As it is shown in |AB11] . the bonndary problem (33) has a nniqne bonnded solntion. 
The ineqnalities and the expansions for foM were rigonrosly proven in |ABllj for the case 
that A is an analytic fnnction (Section 2 as r —)■ 0 and Sections 4 and 5 as r —)■ +oo). The 
expansion for r small enongh is also true in the case A G C°° and the behaviour as r —>■ +cx) can 
be straightforwardly deduced from Lemma 2.14 and Remark 2.15 in |ABllj . Then, re-writting 
equation (33) we get the identity (rfQ^r))' = n‘^r~^fQ{r) — /o(r)A(/o(r)). From this identity we 
deduce the asymptotic expansions for /q and /q . 

We also know that limr_s.+oo''"^/o(^) exists from the previous work in |ABllj . To compute 
this limit, we use L’Hopital’s rule, and the asymptotic expansion for /q: 

/ + 00 


— = lim r~ 

d r—>+cxD 


/'(Ode= lim 

r^+oo 


V'(r) 


and so the results for /o are proven. 

As for no, since no(0) = 0 and it satishes equation (34), using property (|^, gives to leading 
order expression (36). Now, using the asymptotic behaviour of fo{r) as r —)■ cx) in (36), gives 


Vo{r) ={r — 2n‘^/{d'^r) + o{r ^)) 

t — flo 


-1 


f-r-O 


tfo{M{u{fo{t)) - no)dt 


+ 


'ro 


71 

— (2(a;(l) - flo) + i^^(l)) +o{t 


dt 


provided r > ro and ro is large enough. This last expression shows that in order for vq to be 
bounded at inhnity, we have to impose a;(l) = flo and so this gives the asymptotic behaviour 
of no(r) as r —)■ CX) presented in (37). 

Also, the asymptotic behaviour of no(r) as r —)■ 0 is easily obtained by using the asymptotic 
expression of fo in equation (36), 

no(r) 


/q taH^'^(cj(aW) - 00(1)) dt a;(0) - a;(l) 


+ O (r^) 


Q,2^2n+l 2?7. + 2 

The asymptotic behaviour of both Vq and Vq follows from the fact that no G is a solution 
of equation (34) along with the asymptotic behaviour of /o, /q. 
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It only remains to check that Vo(r) has constant sign when u(x) is a monotone function. For 
instance, according to (36) if cj(x) is decreasing, since f2o = 1^(1)) i^(0) — ^ > 

a;(l) — flo = 0, and hence vo{r) > 0 for all r > 0. Likewise, if u{x) is increasing, vo{r) < 0 for 
all r > 0 . □ 

3.3. Existence and properties of fk. An induction procedure. In this section we are 
going to prove the results of Theorem 2^ related to fk, Vk for k > 1. We will use the notation 
and results from Proposition 3T More precisely, we will prove that the problems: 

(38) 

with F{x) = x\{x), and 

(39) 


f'k+-- + DF{Mr))h = h{r) 

/fc( 0 ) = 0 , fkir) bounded r > 0 


fov'k + + 2/onfc + /ofifc = Cfc(r), 


Vk{r) bounded r > 0 


klk = 0 . 


nfc(O) = 0, 

have solutions fk and Vk provided 

(40) 

Recall that bk, Ck, were dehned in Proposition 3.1, for k > 1. To prove this result we will use 
an induction procedure. 

We hrst recall that, if /o, /i • • • , fk-i and vq, ui, • • • , Vk-i are known, then, the independent 
term bk of (38) is determined and henceforth fk satishes a linear non-homogeneous equation. 
If we are able to prove the existence of such a solution, then, by property ([^ and taking into 
account that Vk{0) = 0 , we will have an explicit expression for Vk which depends on flk and Ck- 


(41) 


Vkir) = (r/o(r)) ^ / t/o(t)(cfc(t) - /o(t)flfc) dt 


Recall here that Ck depends only on /o, • • • , fk and vq, - ■ ■ , Vk-i- 

Therefore, once one knows how to solve the equation for fk, the function Vk is totally de¬ 
termined. Since all the equations for fk have the same shape, it is mandatory to study the 
existence of solutions of linear equations of the form 

(Ao\ 9 [r) + - n — 

(42) r 


+ DF{fo{r))g{r) = h{r) 


( 7 ( 0 ) = 0 , g{r) bounded r > 0 . 


We state the following technical lemma which will be proven in Subsection 3.4 by using the 
Fixed Point Theorem in a suitable Banach space. 

Lemma 3.3. Let h : [0, -|-cx)) M. be a function. We define 


( T'l 71 ^ 

S[h]ir) := h"(r) + ^ - h{r)— + [ZlF(/o(r)) + d]h{r) 
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with F{x) = xX{x) and d = —A'(l). Assume that £[h] E that is: 

(43) £^[/i](r) = O , r —)■ 0, £^[/i](r)(r) = O (r“^) , r —)■+oo. 

Then there exists a unique bounded solution g of the boundary problem (42). Moreover, if 
^9 = 9 hd~^, we have that 

Ag e Ol, Ag' e Ol_^, and Ag" E OLx{n-2,o} • 

In particular, lim.r_>+oo = 0. 


Now we begin our induction scheme. We begin with fi which satisfies the equation (26), 
that is: 

f'; + h-n'^h + DF(h)h = bii:r) 


with biir) = fo{r)vQ{r). We want to apply 


We point out that, by Proposition |3.2 
consequently: 


jemma 


3.3 and for that we check that S\bi\ E 
b, = f,vl E Oil,, E Oil, K e of and. 


h'[{r) + 


&i(r) , . . n" 


- biir)— E O 


4,2 


In addition, [iAF(/o(r)) + d\hi{r) = O as r —)■ 0 and, since DF{T) = A'(l) = —d, and 

using Proposition |3.2| for the asymptotics of /o as r —>■ oo 

(44) [DF{U{r)) + d]=0 {fo{r) - 1) = O (r’^) 

and this gives [iAF(/o(r)) + (i]6i(r) = O (r^'^log^r). Therefore we conclude that £\bi\ E Of C 
Ofi- Then, Lemma 3.3 gives the existence of a solution /i of problem ( [M| ) for k = 1 with 
Afi = fI + d~^bi satisfying 

A/i e Af[ E Of,, and A/" e OLx{n- 2 ,o}, 

which gives: 

/i ^ ^f fi ^ On-i) and /" G • 

Now we deal with vi and fli. As we state in ( [4l| ), 

v,{r) = (r/o(r))“^ [ tfo{t){ci{t) - /o(t)fli) dt. 


3.1 


formula ( [^ . Using that /i E Of, f, E Of,, along with 
Vo E and Vq E Oq^, we have that ci G Of. Therefore, vi will be a bounded solution if and 


with Cl defined in Proposition 

a,i j _./ ^ r^2,l 


only if r/o(r)(ci(r) - fo{r)Oi) is a bounded function. This implies that 
Hence we actually have that 


0 = lim ci(r) - fo{r)0, = fii. 

r^+oo 


i;i(r) = (r/o(r)) ^ / tfo{t)ci{t) dt. 
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Now we need to compute the asymptotic behaviour of Vi. Clearly, for r —)■ 0, since Ci G O 
Ui(r) = O (r). Now we deal with r —)■ +cx). We notice that, if tq is big enough. 


2,2 
n ’ 


tfo{t)ci{t) dt 


I ro 


< C 


\og^t 


dt < C log^ r. 


'ro 


Then 


|ni(r)| < C 


log^ r 


as r —)■ + 00 . 


Summarizing, Vj G Oj’^. Moreover, from (39) with /c = 1: 

fo{r)v[{r) = ci(r) - 2/o(r)ni(r) - r~^fo{r)vi{r) 

which implies that v[ G Og’^. We can also deduce that v'l G Og^. 

Now we state the induction hypothesis: the unique bounded solution fk-i, k >2, of problem 
(38) satishes 


(45) 


f (z f' a f" a 

Jk-i t G G Un, 


max{n—2,0} * 


Moreover, problem (39) has bounded solution v^-i if and only if = 0 and in this case, 

f A r‘\ ^ /^l,2k—l / ^ /^2,2k—l n ^ /^‘i.2k—\ 

(46) Vk-i G Ob , Vk_i G Og’ , Vk_i G Og’ 


We begin first by checking that bk G and Ck G Indeed, by induction hypothesis 


2,2k 


(45) and (46) and formula (24) for bk, we have that 

6,GOL'"no 


2,2k _ r^2,2fc ^ r\2,2k 

fc t ^2n O 0„+2 C 


We emphasize that if n = 1, 2n < n + 2, but if n > 2, 2n > n + 2. To unify both cases we have 
considered bk G Analogously one see that Ck G 

In order to compute the orders for 6), and c), we take into account that, by induction hypothesis 
if I < k — 1, the functions //(r),n;(r),nf(r) are of order of fi{r)r~^, vi{r)r~^ and vi{r)r~‘^ respec¬ 
tively, so the same happens for the products of these functions. Moreover, //' G O^a^x{n- 2 ,o }5 
for /< A; — 1. Then, tedious but easy computations yield: 

(47) 6 ;GOf^ 6" GO? 

and 

(48) CfcGOf^ 4 gO„_i. 

The first consequence is that S[bk] G and hence by Lemma 

solution fk of problem (38) satisfying that 


^3,2fc 


3.3 


there exists a unique 


fk + d ^bk G O?, f'k + d ^b'k G -b d ^b'l G 


0 } 


and taking into account the expansions of bk in (47), the induction hypothesis (45) is fullhlled 
for fk- 
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Finally we deal with Vk- We proceed likewise as Wi. From identity (41), 


Vkir) = (r/o(r)) ^ / tfo{t){ck{t) - fo{t)^k) dt, 

Jo 

Vk will be a bounded solution if and only if r/o(r)(cfc(r) — /o(r)flfc) is a bounded function and 
consequently, since G 

0 = lim Cfc(r) - fo{r)Qk = ^k- 

r^+oo 

Therefore the induction hypothesis for Qj. is also satished. We rewrite Vk as 

Vk{r) = (^/o(^))~^ [ tfo{t)ck{t)dt, 

Jo 

and compute the asymptotic behaviour of Vk- Since Cfc(r), fo{r) = O (r"') as r —)■ 0, one deduces 
that Vk{r) = O (r). As in the case /c = 1, if tq is big enough. 


tfo{t)ck{t) dt 


'ro 


< C 


log'^f 


dt < C[ logr) 


2k+l 


'ro 


and hence 


\vk{r)\ < C 


log- 


2k+l , 


as r —>■ +CXD. 


Summarizing, Vk G Moreover, 

/o(rX(r) = Cfc(r) - 2/o(r)ufc(r) - r"Vo(r)ufc(r) 


implies that G and we hnally deduce that v'l G by using (48). 


3,2fc+l 


This ends the proof of Theorem 2.2 


3.4. Proof of Lemma 3.3[ We hrst write equation (42) in a more suitable way, i.e. as a 
hxed point equation. Adding and subtracting the term dg, where d = — A'(l), which is positive 
since A'(l) < 0, performing the change of variables s = y/dr and denoting by g{s) = g{s/\/d), 
h{s) = d~^h{s/'/d) yields 


(49) 


g"{s) + - g{s) ( ^ + 1 ) = h{s) - g{s) 


DFifois)) 

d 


+ 1 


5 '( 0 ) = 0, g{s) bounded s > 0, 


where we call /o(s) = fo{s/y/d). 
As we showed in (44) 


(50) 


d ^DF{fo{s)) + 1 = O (s ^) , as s —>■ +oo. 
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This implies that the dominant term of equation (49) as s —>■ oo is the singular equation 


—g{s) = h.(s), therefore, it is natural to write g = —h + Ag with Ag being a solution of 


(51) 


A/ + 




As (^ + 1 


= -£[h]{s) - Ag 


DFjfois)) 
d 


+ 1 


where £[h] defined by 


£[h]{s) = ^£[h]{s/Vd) = h'\s) + ^ - h{ 


n 

+ 


DFjfois)) 

d 


+ 1 


h{s). 


Recall that the operator S is defined in the statement of the lemma. The boundary conditions 
are A5f(0) = 0 and Ag{s) is bounded for s > 0. 

Our goal now is to write equation (51) as a fixed point equation. We emphasize that the 


dominant part of this equation is the left hand side. Indeed, on the one hand, using (50), one 


sees that the linear term in the right hand side of equation (51), contributes a small quantity 


to the equation for large values of s, being the left hand side of equation (51) the dominant 


part as s —)■ oo. On the other hand, as s —)■ 0, even if this linear term is of order one, the 


dominant part of equation (49) is provided by the hrst three terms of the left hand side, that 
is Ag"{s) + Ag'{s)/s — Ag{s)n‘^/s‘^, and so the right hand side in (49) is also relatively small 
for small values of s. 

To obtain a hxed point equation we note that the homogeneous modihed Bessel equation: 


^"(s) + 


(p'(s) , , ( n 


^i^) W + 1 = 0 


s \s^ 

has two well-known linearly independent solutions, namely Injs) and K^js) known as the 
modihed Bessel functions of the hrst and second kind respectively (see |AS64j b Hence, a 
fundamental matrix of solutions of the homogeneous equation corresponding to equating to 


zero the left hand side in (49) reads, 

M = 


Knjs) Injs) 
K'Js) iL(s) 


whose Wronskian is known to be W^K^js), Injs)) = 1/s. We denote by 
(52) 


■R[A9](s) =£[A](9) + Ag(s) + 1 


We recall here that Ag has to be a bounded solution of problem (51) with boundary condition 


A5'(0) = 0. Therefore, using the variation of parameters formula, equation (51) becomes a hxed 
point equation: 

ps poo 

(53) A(7 (s) = J-[A(7](s) := K^js) + dnjs) d^ 
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In order to prove the existence of the solution of (53) (and consequently of problem (49)), 
we will prove that the linear operator is contractive in some appropriate Banach space X. 
However to guarantee the uniqueness of this solution in the space of bounded functions, we 
need to carefully study the following linear operator: 


(54) 


Tms) = K^(s) (InmiOd( + In(s) 


where -0 is a function dehned on J = [0, +cx)). We notice that X = T oTZ. 

The operators T and X are studied in the lemmas 3H and 3^ whose proofs are deferred to 
the end of this section. 


Lemma 3.4. Let T he the linear operator defined in (54). Let 'ip he a function defined on 
J = [0, +CX)) . We take 0 < m < n — 1 and I > 0. Then 

where the notation was introduced in (13). In particular, if tp is hounded, then T{'ip) G O®. 
In the cases ip = or ip = we can only conclude that T[ip] = On- 
In addition, if ip ^ then T[ip] G and 

fi = ol^ r[ipf = oUi • 

In the cases ip = On_i or ip = we conclude T[ipf = On_i- 

We now dehne the Banach space where the solution Ag will belong. We consider the weight 
function 


(55) 

and the functional space 

(56) X = {if : J ^ 
We endow X with the norm 


= /o(s/Vd) 


G C\J), 


cp(s) 


uj(s) 


< +CX)}. 


lu = sup 

s>0 


(^(s) 


uj(s) 


and it becomes a Banach space. In addition, since by Proposition 

(57) x = ol_,nc\j). 


3.2 


w G 


n—1) 


Lemma 3.5. For any given ip & X, let he the linear operator defined hy (53).- 

ps poo 

(58) XM{s) = Kn{s) / e/n(07^v^[^7](0 df + 4(s) / fKniOnAam df 
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where, analogously to (52), we denote by 


■R,.i9iw=»>w+9W + i 


Then, 


(i) If g e X, then Xip[g] G C^{J) and X^[g], X^[g]' e X. In fact X^[g]{s) G 


11, 


is contractive in X. 


End of the proof of Lemma \3.t^ We have to deal with both, existence and uniqueness of solu¬ 
tions of problem (|4^. We recall that we look for g as g = —h + Ag, with Ag being a solution 


of the hxed point equa tion Ag = = T[IZ[Ag]] given in (53). For the e xist ence we will 

where 99(5) = £[h]{s) 


3.5 


Then, hypothesis (43) of Lemma 


use mainly Lemma 
that /o G assure that £[h] belongs to X and henceforth 


jemma 


3.5 


3.3 


and the fact 


provides us with a 


solution Ag G X such that Ag G 0„, Ag' G In addition, since Ag is a solution of the 


differential equation (|^, Ag" G 


Now it only remains to check that g = —h + Ag is the unique bounded solution of our 


problem or equivalently, we see that Ag is the only bounded solution of (51). Let Ag be a 


bounded solution of equation (51). Then it has to be solution of the hxed point equation 


Ag = = (T o IZ)[Ag]. We note that 


7^[A^](s) < C'|A^(s)| + \£[h]{s)\. 


Therefore, since at least Ag is bounded and S[h] G X, Lemma 3.4 with I = m = 0 implies that 


Ag{s) = O (s^) as s —?• 0, then applying iteratively this lemma, we obtain that Ag{s) = O (s”) 
as s —)■ 0. In particular, since w{s) G 0^_p 

(59) |A^(s)| < (^^(s). 


as 


s —)■ 0. 


Now we study the behaviour of Ag as s —)• -|-oo. We hrst recall that, according to (50) 
d~^DF{fo{s)) -|- 1 = 0{s~‘^). Then, since S[h] E X C and Ag{s) G 0°, we conclude that 


IZ[Ag] G Now we apply Lemma 3.4 and we obtain that Ag = -^’[A^f] = T[7^[A5f]] G O^. 

Therefore, repeating the previous argumentation, since £[h] G and that Ag G we get 
that Ag G O^. Hence, as Ag G X and is a contractive operator over X, Ag = Ag. □ 


The remaining part of this Section is devoted to prove the technical lemmas 3.4 and 3.5 


3.4.1. Proof of Lemma 3.4 Let m < n — 1, / > 0 and ip : J = [0, -foo) —?• M be a function in 
To study the behavior of T[ip] (see (54)) as s —?• 0 and s —)■ 00, we recall the asymptotic 
expansions of the modihed Bessel functions K^, In and their derivatives. 


When s —)■ 0 one has: 


Kn{s) 


r(n) 


{s/2)-" In{s) 


r(n 1) 


[s/^y 
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K'M ~ I'M ~ ^r(.r+i) <"^^>’‘~‘- 


And when s —)■ cx): 


-f^n(s) ~ e *V7r/2s, 4(s) ~ eVv27rs 


-^n('5) ~ ^V7r/2s, /^(s) ~ l\/‘l'ns. 

From now on we will use the expansions of the Bessel functions without explicit mention. 

We start by proving the behaviour of T[t/’] as s —)■ 0. As G 0|„, there exists C > 0 such 
that |t/’(-s)| < Cs^ for any s E J. Let Sq > 0 be such that the above expansions for s —)■ 0 are 
true for 0 < s < Sq. We have that 


\rms)\ <CK^{s) iIn{Ordi + CIn{s) j ^Kr^iOCd^ 


<c s 


—n I ^n+l+m j n+l+m 


<cmax{s™+^s”} = cs^+\ 


di + s" 




where c, c are generic constants depending only on n, Sq. We have used that, by hypothesis, 
m < n — 1 and that is bounded. 

We proceed likewise with the behavior of T['ip]{s) as s —)■ ex. We take si > 0 be such that 
the expansions of the Bessel functions for s —)■ x are true for s > Si. As ^jJ E there exists 
C be such that |t/’(-s)| < Cs~^ for s > si and |t/’(-s)| < C for any s E J. We obtain 


\rms)\<cK4s) / ^inior'd^+cus) 




<ce-^s-v2 / 


<cs \ 

where, as before, the values of c, c only depend on n,Si. In conclusion T[t/’] E 
particular, applying the above inequalities for m = / = 0, that is tjj bounded, we have that 

T\i>] e 0“. 

In addition, if ip is continuous, and since every integral in the dehnition of T is uniformly 
convergent, we have that 

/s poo 


is also a continuous and bounded function. We proceed as above to check the asymptotic 
expansions for 'T[ip^. 
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3.4.2. Proof of Lemma \3.^ We notice that = ToTZ^p. Let g G X. It is clear that TZ^[g] G X 
and, by ( |5^, g ,'JZ^ [g] G In consequence, the hrst item is a straightforward consequence 

of Lemm ^3.41 

To prove (ii) we need to show that there exists a constant 0 < < 1 such that, for any 
5 'i,5'2 G A”, \\X:p[gi] - X<p[g 2 \\\w < K\\gi - g 2 \\w We hrst point out that, since 0 < /o(s) < 1 
and by hypothesis (A2), dl{x\{x)) < 0, the function DF{x) = x\'{x) + A(x) is decreasing. 
Therefore, using that by hypothesis (Al) A(l) = 0: 

-d = A'(l) + A(l) = DF{1) < DFifois)) < DF{0) = A(0) = 1, 


which gives 
(60) 


0 < + 1 < 1 + 1 . 
d d 


Now we hnd that 

l^,.|9il(s) -.^y[92l(s)l <Kn{s) 


pF(Mi)) 


d 


+1 lfi'i(0 “ 5'2(0I 


+ 4(s) / 

J s 

< \\gi - g2\\wT{s) 

where the function T is dehned by 


[ 


+ 1 IdliO ~ 92{0 \ 


T{s) := K^{s) / ^ 4(0 


( mm) 


(61) 




d 


+ 1 w{f) df 


+ Inis) I 


( DFifoiO) 


d 


+ 1 wif) df. 


We hrst observe that T(s) >0 Vs since both iV„(s), 4(s) are positive, the weight function (see 
tc(s) > 0 and inequality (60). 


We now want to show that ||T||i„ < 1. We begin by rewriting T in a more appropriate way. 
Concretely, we will check that 

T(s) = w(s) - T[ho](s) 

(62) F 

= wis)-Knis) flniOhiOd^- Inis) ^K^iOhiO 


being T the linear operator dehned in Lemma 3.4 and 


3.4 














To prove expression (62) we deal with the differential equation that fo{r) satisffes. Indeed, since 
/o(r) is a solution of equation (20), f^ir) is a solution of the nonhomogeneous linear equation: 

tp"(r) + + DF(f„(r))if{r) = 


(64) 


Performing the change ip{s) = ip{s/'/d) to this equation and taking into account that fo{s) = 
/o(s/\/d), we get that w{s) = fQ{s/y/d) is a solution of 

rnr\ ,111 \ ,/ DF{fo{s)) 2n‘^Vd 

(65) <(5) + = 


We define 

( 66 ) 


d 


£[?/>] (s) = ?/>"(s) + 


-fo{s) + -^fo{s/Vd). 




n 


Hs) -V +1 . 


We notice that £[iPn] = = 0 and that equation (65), for w, can be rewritten as 

( DF(h{s)) 


(67) 


I 


d 


+ 1 w{s) = -£[tc](s) - ho(s). 


The linear differential operator C satisfies that, upon integrating by parts, 

(68) - Ai?n(0^M(0 di = - , 

J a 

being either or = /„. This property was strongly used in |ABllj . Using that w 

satisfies equation (67), property (68) and that s(/(^(s)iP„(s) — K'^{s)In{s)) = 1, we have that 
definition (61) of T becomes 

PS POO 

T{s) = - K^{s) / e/n(0^M(0 - Inis) / e^.(0/:N(0 d^. 


Kjs) 


^IniOhoiOd^-Inis) 


r'+oo 


^KniOhiOd^ 


= wi-s) - T[ho](s) 


and (62) is proven. _ 

Since by Proposition 3.2, for any r > 0, rf^ir) < n^foir), we have that Hq, defined in (63), 
satisffes that ho(s) > 0 if s > 0, and therefore T[ho](s) > 0, s > 0. Consequently: 

0 < T{s) < w{s) s > 0. 

Now, in order to check that ||T||io < 1 it only remains to see that 






















Indeed, recalling again definition (55) of w, and using Proposition 3.2, we have that 

^ lim s^w(s) = 271^Vd, 

S-S.0 s^+oo 


limho(s)s-”+3 

s-s>0 


n{2n — l)a 

d(^-l)/2 ’ 


lim s^ho(s) = 2n^Vd. 

s^+oo 


Let So > be small enough. By applying Hopital’s rule 
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= 1 . 


Now we deal with s —)■ +oo. Let then sq > 0 be big enough. Then, 
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J So J s / 
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Ari^y d s^+oo 

, I n 2s^ho(s) = 1. 
Anry d 
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